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Strong interactionS

CERN’s Large Hadron Collider continues 
to deliver surprises. While searching for 
additional Higgs bosons, the CMS collab-
oration may have instead uncovered evi-
dence for the smallest composite particle 
yet observed in nature – a “quasi-bound” 
hadron made up of the most massive 
and shortest-lived fundamental parti-
cle known to science and its antimatter 
counter[art. ?he ʭnOinRs, bhich Oo not 
yet constitute a discovery claim and could 
also be susceptible to other explanations, 
were uploaded to the preprint archive on 
28 March, following careful deliberation 
within the community.

Almost all of the Standard Model’s 
shortcomings motivate the search for 
additional Higgs bosons. Their properties 
are usually assumed to be simple. Much 
as the 125 GeV Higgs boson discovered 
in 2012 appears to interact with each 
fundamental fermion with a strength 
proportional to the fermion’s mass, 
theories postulating additional Higgs 
bosons generally expect them to couple 
more strongly to heavier quarks. This 
puts the singularly massive top quark at 
centre stage. If an additional Higgs boson 
has a mass greater than about 345 GeV 
and can therefore decay to a top quark– 
antiquark pair, this should dominate  
the way it decays inside detectors. Hunt-
ing for bumps in the invariant mass  
spectrum of top–antitop pairs is therefore 
often considered to be the key exper-
imental signature of additional Higgs 
bosons above the top–antitop produc-
tion threshold.

The CMS experiment has observed just 
such a bump. Intriguingly, however, it is 
located at the lower limit of the search, 
right at the top-quark pair production 
threshold itself, leading CMS to also con-
sider an alternative hypothesis long con-
siOereO OifficuWt to Oetect% a to[ɧantito[ 
quasi-bound state known as toponium 
�see ɭ?hreshoWO eccessɮ ʭRure�.

“When we started the project, top-
onium was not even considered as a 
background to this search,” explains 
CMS physics coordinator Andreas Meyer 
�/0>D�. ɭ4n our anaWysis toOay be are onWy 
usinR a sim[WiʭeO moOeW Qor to[onium 
– just a generic spin-0 colour-singlet 

CMS observes top–antitop excess

state with a pseudoscalar coupling to top 
quarks. The toponium hypothesis is very 
exciting as we previously did not expect 
to be able to see it at the LHC.”

Though other explanations can’t 
be ruWeO out, .8> ʭnOs the to[onium 
hy[othesis to be sufficient to ec[Wain the 
observed excess. The size of the excess 
is consistent with the latest theoretical 
estimate of the cross section to produce 
pseudoscalar toponium of around 6.4 pb.

“The cross section we obtain for our 
sim[WiʭeO hy[othesis is #.# [b bith an 
uncertainty of about 15%,” explains 
Meyer. “One can infer that this is sig-
niʭcantWy aboae ʭae siRma.ɮ

The smallest hadron
If confirmed, toponium would be the 
ʭnaW ecam[We oQ \uarVonium ɧ a term 
for quark–antiquark states formed from 
heavy charm, bottom and perhaps top 

\uarVs. .harmonium �charmɧanticharm� 
 mesons were discovered at SLAC and 
Brookhaven National Laboratory in the 
November Revolution of 1974. Bottomo-
nium �bottomɧantibottom� mesons bere 
discovered at Fermilab in 1977. These 
heavy quarks move relatively slowly 
compared to the speed of light, allow-
ing the strong interaction to be mod-
elled by a static potential as a function 
of the separation between them. When 
the quarks are far apart, the potential is 
proportional to their separation due to 
the self-interacting gluons forming an 
eWonRatinR fluc tube, yieWOinR a constant 
force of attraction. At close separations, 
the potential is due to the exchange of 
individual gluons and is Coulomb-like 
in form, and inversely proportional to 
separation, leading to an inverse-square 
force of attraction. This is the domain 
where compact quarkonium states are 
formed, in a near perfect QCD analogy to 
positronium, wherein an electron and a 
positron are bound by photon exchange. 
The Bohr radii of the ground states of 
charmonium and bottomonium are 
approximately 0.3 fm and 0.2 fm, and  
bottomonium is thought to be the small-
est hadron yet discovered. Given its larger 
mass, toponium’s Bohr radius would be 
an order of magnitude smaller.

For a long time it was thought that 
toponium bound states were unlikely to 
be detected in hadron–hadron collisions. 
The top quark is the most massive and 
the shortest-lived of the known funda-
mental particles. It decays into a bottom 
quark and a real W boson in the time it 
takes light to travel just 0.1 fm, leaving 
little time for a hadron to form. Toponium 
would be unique among quarkonia in that 
its decay would be triggered by the weak 
decay of one of its constituent quarks 
rather than the annihilation of its con-
stituent quarks into photons or gluons. 
Toponium is expected to decay at twice 
the rate of the top quark itself, with a 
width of approximately 3 GeV.

.8> ʭrst sab a �.  siRma eccess in 
a 2019 search studying the mass range 
above 400 GeV, based on 35.9 fbʞ� of proton– 
proton collisions at 13 TeV from 2016. Now 
armed with 138 fb–1 of collisions from 

Threshold excess The invariant mass spectrum of top quark–
antiquark pairs observed by the CMS experiment in certain 
domains of the reconstructed spin-correlation observables chel 
and chan (top panel) and the signal-to-background ratio (bottom 
panel). Excess events at threshold can be modelled by including a 
new top–antitop bound state in the background model (red line).
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The toponium 
hypothesis 
is very 
exciting as we 
previously did 
not expect to 
be able to see it 
at the LHC

CCMayJun25_NewsAnalysis_v4.indd   7CCMayJun25_NewsAnalysis_v4.indd   7 01/05/2025   15:1501/05/2025   15:15EPS-HEP-Ad-CERNCOURIER.indd   1EPS-HEP-Ad-CERNCOURIER.indd   1 29/04/2025   13:0929/04/2025   13:09

WWW.CERNCOURIER
V O L U M E  6 5   N U M B E R  5    S E P T E M B E R / O C T O B E R  2 0 2 5

9CERN COURIER    SEPTEMBER/OCTOBER 2025

NEWS ANALYSIS

CERNCOURIER.COM

Top-quark physics

,?L,> conʭrms to[ɧantito[ eccess
At the LHC, almost all top–antitop pairs 
are produced in a smooth invariant-mass 
spectrum described by perturbative 
QCD. In March, the CMS collaboration 
announced the discovery of an additional 
1% localised near the energy threshold 
to produce a top quark and its antiquark 
(CERN Courier May/June 2025 p7). The 
A?7A> collaboration has nob confirXeO 
this observation.

“The measurement was challenging 
due to the small cross section and the 
limited mass resolution of about 20%,” 
says Tomas Dado of the ATLAS collab-
oration and CERN. “Sensitivity was 
achieved by exploiting high statistics, 
lepton angular variables sensitive to spin 
correlations, and by carefully constrain-
ing modelling uncertainties.”

?o[oni`m
The simplest explanation for the excess 
appears to be a spectrum of “quasi- 
bound” states of a top quark and its anti-
quark that are often collectively referred 
to as toponium, by reference to the char-
monium and bottomonium states discov-
ered in the November Revolution of 1974 
(see p35). But there the similarities end. 
Thanks to the unique properties of the 
most massive fundamental particle yet 
discovered, toponium is expected to be 
exceptionally broad rather than excep-
tionally narrow in energy spectra, and 
to disintegrate via the weak decay of its 
constituent quarks rather than via their 
mutual annihilation. 

“Historically, it was assumed that 
the LHC would never reach the sensi-
tivitd re\`ireO to [robe s`ch effects� b`t 
ATLAS and CMS have shown that this 
expectation was too pessimistic,” says 

<`asi�bo`nO canOiOate An event display of an interaction 
consistent with the formation of toponium in the ATLAS detector. 
The final state includes two b jets (turquoise cones), a muon  
(red line) and an electron (green line). 99 GeV of missing 
transverse momentum is indicated by the dashed white line.
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Benjamin Fuks of the Sorbonne. “This 
regime corresponds to the production of 
a slowly moving top–antitop pair that 
has time to exchange multiple gluons 
before one of the top quarks decays. The 
invariant mass of the system lies slightly 
below the open top–antitop threshold, 
which implies that at least one of the top 
\`arVs is off�shell� ?his contrasts bith 
conventional top–antitop production, 
where the tops are typically produced 
far above threshold, move relativisti-
calld anO Oo not ec[erience significant 
non-relativistic gluon dynamics.”

While CMS fitted a pseudo-scalar 
resonance that couples to gluons and 

top quarks – the essential features of 
the ground state of toponium – the new 
ATLAS analysis employs a model recently 
published by Fuks and his collaborators 
that additionally includes all S-wave 
excitations. ATLAS reports a cross- 
section for such quasi-bound excitations 
of 9.0 ± 1.3 pb, consistent with CMS’s 
measurement of 8.8 ± 1.3 pb. ATLAS’s 
measurement rises to 13.9 ± 1.9 pb when 
applying the same signal model as CMS.

Future measurements of top quark–
antiquark pairs will compare the threshold 
excess to the expectations of non-relativ-
istic QCD, search for the possible presence 
of neb fielOs bedonO the >tanOarO 8oOel� 
and study the quantum entanglement of 
the top and antitop quarks.

“At the High-Luminosity LHC, the 
main objective is to exploit the much 
larger dataset to go beyond a single-bin 
description of the sub-threshold top–
antitop invariant mass distribution,” 
says Fuks. “At a future electron–positron 
collider, the top–antitop threshold scan 
has long been recognised as a cornerstone 
measurement, with toponium contribu-
tions playing an essential role.”

1or /aOo� this stord reʮects a satisfd-
ing interplay between theorists and the 
LHC experiments. 

“Theorists proposed entanglement 
studies, ATLAS demonstrated entan-
gled top–antitop pairs and CMS applied 
spin-sensitive observables to reveal the 
\`asi�bo`nO�state effect�ɮ he sads� ɭ?he 
next step is for theory to deliver a complete 
description of the top–antitop threshold.”

1`rtSer reaOing
ATLAS Collab. 2025 ATLAS-CONF-2025-008.
B Fuks et al. 2025 Eur. Phys. J. C 85 157.

Initially designed to search for evidence 
of states that decay invisibly, like dark 
photons or axion-like particles, PADME 
collides a positron beam with energies 
reaching 550 MeV with a 100 µm-thick 
active diamond target. Annihilations 
of positrons with electrons bound in 
the target material are reconstructed by 
detecting the resulting photons, with any 
peak in the missing-mass spectrum sig-
nalling an unseen product. The photon 
energy and impact position is measured 
bd a fineld segXenteO electroXagnetic 
calorimeter with crystals refurbished 
from the L3 experiment at LEP. 

“The PADME approach relies only on 
the suggested interaction of X17 with 

electrons and positrons,” remarks 
spokesperson Venelin Kozhuharov of 
Sofia University and INFN Frascati. 
“Since the ATOMKI excess was observed 
in electronɧ[ositron final states� this is 
the minimal possible assumption that 
can be made for X17.”

Instead of searching for evidence of 
unseen particles, PADME varied the beam 
energy to look for an electron-positron 
resonance in the expected X17 mass 
range. The collaboration claims that the 
combined dataset displays an excess near 
�!�$� 8eA bith a local significance of �� m.

1or theorists� C�" is an abVbarO fit� 
Most consider dark photons and axions to 
be the best motivated candidates for low 

mass, weakly coupled new physics states, 
says Claudio Toni of LAPTh. Another 
possibility, he says, is a bound state of 
known particles, though QCD states such 
as pions are about eight times heavier, 
anO [`re <0/ effects `s`alld occ`r at 
much lower scales than 17 MeV. 

“We should be cautious,” says Toni. 
“Since X17 is expected to couple to both 
protons and electrons, the absence of 
signals elsewhere forces any theoretical 
proposal to respect stringent constraints. 
We should focus on its phenomenology.” 

1`rtSer reaOing
MEG II Collab. 2025 Eur. Phys. J. C 85 763.
PADME Collab. 2025 arXiv:2505.24797.

1or tSeorists� 
C�" is an 
abkbarO ʭt 
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Mixed signals from X17
Almost a decade after ATOMKI researchers 
reported an unexpected peak in electron–
positron pairs from beryllium nuclear 
transitions, the case for a new “X17” par-
ticle remains open. Proposed as a light 
boson with a mass of about 17 MeV and 
very weak couplings, it would belong to 
the sometimes-overlooked low-energy 
frontier of physics beyond the Standard 
Model. Two recent results now pull in 
opposite directions: the MEG II experi-
ment at the Paul Scherrer Institute found 
no signal in the same transition, while 
the PADME experiment at INFN Frascati 
reports a modest excess in electron–posi-
tron scattering at the corresponding mass.

The story of the elusive X17 parti-
cle began at the Institute for Nuclear 
Research (ATOMKI) in Debrecen, Hun-
gary, where nuclear physicist Attila 
János Krasznahorkay and colleagues 
set out to study the de-excitation of a 
beryllium-8 state. Their target was the 
dark photon – a particle hypothesised to 
mediate interactions between ordinary 
and dark matter. In their setup, a beam 
of protons strikes a lithium-7 target, 
producing an excited beryllium nucleus 
that releases a proton or de-excites to the 
beryllium-8 ground state by emitting an 
18.1 MeV gamma ray – or, very rarely, an 
electron–positron pair.

Controversial anomaly 
In 2015, ATOMKI claimed to have 
observed an excess of electron–positron 
[airs bith a statistical significance of 
6.8m. Follow-up measurements with 
Oifferent n`clei bere also re[orteO to 
dielO statisticalld significant eccess at 
the same mass. The team claimed the 
excess was consistent with the creation 

of a short-lived neutral boson with a 
mass of about 17 MeV. Given that it would 
be produced in nuclear transitions and 
decay into electron–positron pairs, the 
X17 should couple to nucleons, electrons 
and positrons. But many relevant con-
straints squeeze the parameter space for 
new physics at low energies, and inde-
pendent tests are essential to resolve an 
unexpected and controversial anomaly 
that is now a decade old.

In November 2024, MEG II announced 
a direct cross-check of the anomaly, 
publishing their results in July 2025. 
Designed for high-precision tracking and 
calorimetry, the experiment combines 
dedicated background monitors with a 
spectrometer based on a lightweight, 
single-volume drift chamber that records 
the ionisation trails of charged parti-
cles. The detector is designed to search 
for eviOence of the rare le[ton�ʮavo`rɧ 
violating Oecad Ũ+�A�e+a, with the collab-
oration recently reporting world-lead-

ing limits at EPS-HEP (see p17). It is also 
well suited to probing electron–positron 
final states� anO has the Xass resol`tion 
required to test the narrow-resonance 
interpretation of the ATOMKI anomaly. 

Motivated by interest in X17, the col-
laboration directed a proton beam with 
energy up to 1.1 MeV onto a lithium-7 
target, to study the same nuclear pro-
cess as ATOMKI. Their data disfavours 
the ATOMKI hypothesis and imposes 
an upper limit on the branching ratio of 
1.2 × 10–5 at $�� confiOence� 

“While the result does not close the 
case,” notes Angela Papa of INFN, the 
University of Pisa and the Paul Scher-
rer Institute, “it weakens the simplest 
interpretations of the anomaly.” 

But MEG II is not the only cross check in 
progress. In May, the PADME collaboration 
reported an independent test that doesn’t 
repeat the ATOMKI experiment, but seeks 
to disentangle the X17 question from the 
complexities of nuclear physics. 

SearcheS for new phySicS

Square peg in a round hole Independent checks by the MEG II (left) and PADME (right) experiments report 
conʮicting early indications on the true nature of the ,T:864 anomaly.
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coherent regime.
“The neutrino flux in CONUS+ is 

many orders of magnitude bigger than 
in dark-matter detectors,” notes Lind-
ner, who is also co-spokesperson of the 
XENON collaboration. “This is compen-
sated by a much larger target mass, a 
larger CEiNS cross section due to the 
larger number of neutrons in xenon  
versus germanium, a longer running time 
anO Oifferences in Oetection eʯciencies� 
Both experiments have in common  
that all backgrounds of natural or 
imposed radioactivity must be sup-
pressed by many orders of magnitude 
such that the CEiNS process can be 
extracted over backgrounds.”

The current experimental frontier  
for CEiNS is towards low energy thresh-
olds, concludes COHERENT spokesperson 
Kate Scholberg of Duke University. “The 
coupling of recoil energy to observable 
energd can be in the forX of a OiX ʮash 
of light picked up by light sensors, a tiny 
zap of charge collected in a semiconduc-
tor detector, or a small thermal pulse 
observed in a bolometer. A number of 
collaborations are pursuing novel tech-
nologies with sub-keV thresholds, among 
them cryogenic bolometers. A further 
goal is measurement over a range of 
nuclei, as this will test the SM prediction 
of an N2 dependence of the CEiNS cross 
section. And for higher-energy neutrino 

sources, for which the coherence is not 
quite perfect, there are opportunities to 
learn about nuclear structure. Another 
future possibility is directional recoil 
detection. If we are lucky, nature may give 
us a supernova burst of CEiNS recoils. 
As for societal applications, CEiNS has 
promise for nuclear-reactor monitor-
ing for nonproliferation purposes due 
to its large cross section and interac-
tion threshold below that for inverse- 
beta-decay of 1.8 MeV.”

Further reading
N Ackermann et al. 2025 9ature 643 1229.
PandaX Collab. 2024 ;hys. =ev. 7ett. 133 191001.
XENON Collab. 2024 ;hys. =ev. 7ett. 133 191002.

CEiNS has 
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nuclear-
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CMS (2503.22382) and ATLAS (2601.11780) reported an excess 
in the  production cross section in the pseudoscalar channel tt̄
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Strong interactionS

CERN’s Large Hadron Collider continues 
to deliver surprises. While searching for 
additional Higgs bosons, the CMS collab-
oration may have instead uncovered evi-
dence for the smallest composite particle 
yet observed in nature – a “quasi-bound” 
hadron made up of the most massive 
and shortest-lived fundamental parti-
cle known to science and its antimatter 
counter[art. ?he ʭnOinRs, bhich Oo not 
yet constitute a discovery claim and could 
also be susceptible to other explanations, 
were uploaded to the preprint archive on 
28 March, following careful deliberation 
within the community.

Almost all of the Standard Model’s 
shortcomings motivate the search for 
additional Higgs bosons. Their properties 
are usually assumed to be simple. Much 
as the 125 GeV Higgs boson discovered 
in 2012 appears to interact with each 
fundamental fermion with a strength 
proportional to the fermion’s mass, 
theories postulating additional Higgs 
bosons generally expect them to couple 
more strongly to heavier quarks. This 
puts the singularly massive top quark at 
centre stage. If an additional Higgs boson 
has a mass greater than about 345 GeV 
and can therefore decay to a top quark– 
antiquark pair, this should dominate  
the way it decays inside detectors. Hunt-
ing for bumps in the invariant mass  
spectrum of top–antitop pairs is therefore 
often considered to be the key exper-
imental signature of additional Higgs 
bosons above the top–antitop produc-
tion threshold.

The CMS experiment has observed just 
such a bump. Intriguingly, however, it is 
located at the lower limit of the search, 
right at the top-quark pair production 
threshold itself, leading CMS to also con-
sider an alternative hypothesis long con-
siOereO OifficuWt to Oetect% a to[ɧantito[ 
quasi-bound state known as toponium 
�see ɭ?hreshoWO eccessɮ ʭRure�.

“When we started the project, top-
onium was not even considered as a 
background to this search,” explains 
CMS physics coordinator Andreas Meyer 
�/0>D�. ɭ4n our anaWysis toOay be are onWy 
usinR a sim[WiʭeO moOeW Qor to[onium 
– just a generic spin-0 colour-singlet 

CMS observes top–antitop excess

state with a pseudoscalar coupling to top 
quarks. The toponium hypothesis is very 
exciting as we previously did not expect 
to be able to see it at the LHC.”

Though other explanations can’t 
be ruWeO out, .8> ʭnOs the to[onium 
hy[othesis to be sufficient to ec[Wain the 
observed excess. The size of the excess 
is consistent with the latest theoretical 
estimate of the cross section to produce 
pseudoscalar toponium of around 6.4 pb.

“The cross section we obtain for our 
sim[WiʭeO hy[othesis is #.# [b bith an 
uncertainty of about 15%,” explains 
Meyer. “One can infer that this is sig-
niʭcantWy aboae ʭae siRma.ɮ

The smallest hadron
If confirmed, toponium would be the 
ʭnaW ecam[We oQ \uarVonium ɧ a term 
for quark–antiquark states formed from 
heavy charm, bottom and perhaps top 

\uarVs. .harmonium �charmɧanticharm� 
 mesons were discovered at SLAC and 
Brookhaven National Laboratory in the 
November Revolution of 1974. Bottomo-
nium �bottomɧantibottom� mesons bere 
discovered at Fermilab in 1977. These 
heavy quarks move relatively slowly 
compared to the speed of light, allow-
ing the strong interaction to be mod-
elled by a static potential as a function 
of the separation between them. When 
the quarks are far apart, the potential is 
proportional to their separation due to 
the self-interacting gluons forming an 
eWonRatinR fluc tube, yieWOinR a constant 
force of attraction. At close separations, 
the potential is due to the exchange of 
individual gluons and is Coulomb-like 
in form, and inversely proportional to 
separation, leading to an inverse-square 
force of attraction. This is the domain 
where compact quarkonium states are 
formed, in a near perfect QCD analogy to 
positronium, wherein an electron and a 
positron are bound by photon exchange. 
The Bohr radii of the ground states of 
charmonium and bottomonium are 
approximately 0.3 fm and 0.2 fm, and  
bottomonium is thought to be the small-
est hadron yet discovered. Given its larger 
mass, toponium’s Bohr radius would be 
an order of magnitude smaller.

For a long time it was thought that 
toponium bound states were unlikely to 
be detected in hadron–hadron collisions. 
The top quark is the most massive and 
the shortest-lived of the known funda-
mental particles. It decays into a bottom 
quark and a real W boson in the time it 
takes light to travel just 0.1 fm, leaving 
little time for a hadron to form. Toponium 
would be unique among quarkonia in that 
its decay would be triggered by the weak 
decay of one of its constituent quarks 
rather than the annihilation of its con-
stituent quarks into photons or gluons. 
Toponium is expected to decay at twice 
the rate of the top quark itself, with a 
width of approximately 3 GeV.

.8> ʭrst sab a �.  siRma eccess in 
a 2019 search studying the mass range 
above 400 GeV, based on 35.9 fbʞ� of proton– 
proton collisions at 13 TeV from 2016. Now 
armed with 138 fb–1 of collisions from 

Threshold excess The invariant mass spectrum of top quark–
antiquark pairs observed by the CMS experiment in certain 
domains of the reconstructed spin-correlation observables chel 
and chan (top panel) and the signal-to-background ratio (bottom 
panel). Excess events at threshold can be modelled by including a 
new top–antitop bound state in the background model (red line).
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The toponium 
hypothesis 
is very 
exciting as we 
previously did 
not expect to 
be able to see it 
at the LHC
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[Minni e il naufragio spaziale (Russo/Mottura), Minni & company 22, 1995]

Thanks to Giovanni Pelliccioli and Ventenni Paperoni who helped me in the hunt for Toponio

Toponium and where to find it
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Spin correlations in  production at thresholdtt̄

3

Due to its short lifetime, the top spin in top leptonic decays is strongly correlated with the direction of the 
outgoing antilepton: the positron direction coincides with the direction of the top spin

W W

pν

pl̄

pq

pq→

top quark production top quark decay

t

b

b

top quark spin

FIG. 24: Illustration of the spin correlation between top quark production and top quark decay.

The circle denotes the top quark rest frame and light colored arrows indicate the spin direction.

additional jet radiation at NLO. Therefore, choosing the appropriate frame is necessary to

maintain the best spin correlation. In this study, two options for reconstructing the c.m.

frame are investigated:

1. tq(j)-frame: the c.m. frame of the incoming partons. This is the rest frame of all the

final state objects (reconstructed top quark and all others jets). In exclusive three-

jet events, this frame is reconstructed by summing over the 4-momenta of top quark,

spectator jet and third-jet.

2. tq-frame: the c.m. frame of the top quark and spectator jet. In this case, even in

exclusive three-jet events, the reference frame is constructed by summing over only

the 4-momenta of the top quark and spectator jet.

In exclusive two-jet events, the two frames are identical, they only differ for exclusive three-

jet events. At the Tevatron, it was found that the tq-frame gives a larger degree of polariza-

tion. This is also true at the LHC as shown in Table IV and discussed below. We therefore

choose the tq-frame when calculating the top quark polarization in the helicity basis.

In the helicity basis, the polarization of the top quark is examined as the angular distri-

bution (cos θhel) of the lepton in the top quark frame relative to the moving direction of the

top quark in the c.m. frame. The angular correlation in this frame is given by

cos θhel =
#pt · #p ∗

!

|#pt||#p ∗
! |
, (4)

33

Production near threshold implies that the zero orbital angular momentum prevails: S-wave production

Total final state angular momentum is determined solely by the spins of the top quarks: spin triplet (  
annihilation) or spin singlet (  annihilation, as a consequence of Landau-Yang theorem)

qq̄
gg

At LHC and for threshold production the singlet is dominant |ψ⟩ =
1
2 ( | ↑ ↓ ⟩ − | ↓ ↑ ⟩)

Maximally entangled state, parity-odd

[Schwienhorst, Cao, C.-P. Yuan, Mueller 1012.5132]
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Chel = ̂l1 ⋅ ̂l2

Define the vectors  as the direction of the leptons from top decay in the frame obtained by boosting the  CM 
rest frame to the  ( ) rest frame and define

̂l1, ̂l2 tt̄
t t̄

For a non-relativistic  pair in a singlet statett̄

1
σ

dσ
dChel

=
1 + Chel

2
N.B. vanishes when the spins are aligned 
(incompatibile with singlet configuration)

Integrating we get immediately

⟨Chel⟩ =
1
3

We also introduce the quantity 

D = − 3⟨Chel⟩  for a pure singlet configurationD = − 1

Entanglement condition

D < − 1/3
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defined with m > 500 GeVtt . Each of the regions has a tt -event purity 
of more than 90%. The dominant sources of background processes 
arise from tW and fake-lepton, accounting for 56% and 27% of the back-
ground in the signal region, respectively. The remaining 17% of back-
ground events arise from tt X+  and the production of dileptonic events 
from either one or two massive gauge bosons. The distribution of cos φ 
in the signal region and the detector-level Ddetector value, built from the 
cos φ at the reconstructed detector level and after background subtrac-
tion, are shown in Fig. 1a,b.

To compare the data with calculations and correct for detector 
effects, we must also define an event selection using the ‘truth’ informa-
tion in the Monte Carlo event record. This selection uses particle-level 
objects to match as closely as possible the selection at the detector 

level and is called a fiducial particle-level selection. Particle-level 
events are required to contain exactly one electron and one muon 
with opposite-sign electric charges and at least two particle-level jets, 
one of which must contain a b-hadron. The cos φ distribution is then 
constructed from the particle-level top quarks and charged leptons in 
the same manner as at the detector level.

The response of the detector, the event selections and the top-quark 
reconstruction distort the shape of the cos φ distribution. The observed 
distribution is corrected for these effects with a simple method: a 
simulation-based calibration curve that connects any value at the detec-
tor level to the corresponding value at the particle level. We correct 
the data for detector effects by using a unique calibration curve built 
for each signal and validation region based on the expected signal 
model, after subtracting the expected contribution from background 
processes. Owing to the limited resolution of the reconstructed mass 
of the tt  system, some events that truly belong to the validation regions 
can enter the signal region at the detector level. These events are treated 
as detector effects.

To build these curves, Monte Carlo event samples are created with 
alternative values of D by reweighting the events, following the proce-
dure described in the section ‘Reweighting the cos φ distribution’. The 
calibration curve corrects the value Ddetector measured at the detector 
level to a corresponding value Dparticle at the particle level. To construct 
the calibration curve, several hypotheses for different values of D, 
denoted by D′particle with a corresponding D′detector  value, are created 
corresponding to the changes in the expected value of entanglement.

The pairs of D′detector and D′particle are plotted in Fig. 2a. A straight line 
interpolates between the points. With this calibration curve, any value 
for Ddetector can be calibrated to the particle level.

Three categories of uncertainties are included in the calibration 
curves: uncertainties in modelling tt  production and decay, uncertain-
ties in modelling the backgrounds and detector-related uncertainties 
for both the tt  signal and the standard model background processes. 
Each source of systematic uncertainty can result in a different calibra-
tion curve because it changes the shape of the cos φ distribution at the 
particle level and/or detector level. For each source of systematic 
uncertainty, the data are corrected using this new calibration curve, 
and the resultant deviation from the data corrected by the nominal 
curve is taken as the systematic uncertainty of the data due to that 
source. Systematic uncertainties from all sources are summed in quad-
rature to determine the final uncertainty in the result.

For all of the detector-related uncertainties, the particle-level quan-
tity is not affected and only detector-level values change. For signal 
modelling uncertainties, the effects at the particle level propagate to 
the detector level, resulting in shifts in both. Uncertainties in modelling 
the background processes affect how much background is subtracted 
from the expected or observed data and can, therefore, cause changes 
in the calibration curve. These uncertainties are treated as fully corre-
lated between the signal and background (that is, if a source of system-
atic uncertainty is expected to affect both the signal and background 
processes, this is estimated simultaneously and not separately).

A summary of the different sources of systematic uncertainty and 
their impact on the result is given in Table 1. The size of each systematic 
uncertainty depends on the value of D and is given in Table 1 for the 
standard model prediction, calculated with POWHEG + PYTHIA. The 
systematic uncertainties considered in the analysis are described in 
detail in the section ‘Systematic uncertainties’.

To compare the particle-level result with the parton-level entangle-
ment limit D < −1/3, the limit must be folded to the particle level.  
A second calibration curve is constructed to relate the value of Dparton 
to the corresponding Dparticle. The definitions of parton-level top quarks 
and leptons in the Monte Carlo generator follow ref. 24 and correspond 
approximately to those of stable top quarks and leptons in a fixed-order 
calculation. Only systematic uncertainties related to the modelling of 
the tt  production and decay process are considered while building this 
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Fig. 2 | Summary of results. a, Calibration curve for the dependence between 
the particle-level value of D and the detector-level value of D in the signal 
region. The yellow band represents the statistical uncertainty, and the grey 
band represents the total uncertainty obtained by adding the statistical and 
systematic uncertainties in quadrature. The measured values and expected 
values from POWHEG + PYTHIA 8 (hvq) are marked with black and red circles, 
respectively, and the entanglement limit is shown as a dashed line. b, The 
particle-level D results in the signal and validation regions compared with 
various Monte Carlo models. The entanglement limit shown is a conversion 
from its parton-level value of D = −1/3 to the corresponding value at the 
particle level, and the uncertainties that are considered for the band are 
described in the text.

[ATLAS ’23]
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calibration curve. The migration of the parton-level events from the 
signal region into the validation regions at the particle level and vice 
versa is very small.

The calibration procedure is performed in the signal region and the 
two validation regions to correct the data to a fiducial phase space 
at the particle level, as described in the previous section. All system-
atic uncertainties are included in the three regions. The observed 
(expected) results are

D = − 0.537 ± 0.002 (stat.)

± 0.019 (syst.) (−0.470 ± 0.002 (stat.) ± 0.017 (syst.)),

in the signal region of m340 < < 380 GeVtt  and

D = − 0.265 ± 0.001 (stat.)

± 0.019 (syst.) (−0.258 ± 0.001 (stat.) ± 0.019 (syst.)),

D = − 0.093 ± 0.001 (stat.)

± 0.021 (syst.) (−0.103 ± 0.001 (stat.) ± 0.021 (syst.)),

in the validation regions of m380 < < 500 GeVtt  and m > 500 GeVtt , 
respectively. The expected values are those predicted by POWHEG +  
PYTHIA. The calibration curve for the signal region and a summary of 
the results in all regions are presented in Fig. 2.

The observed values of the entanglement marker D are compared 
with the entanglement limit in Fig. 2b. The parton-level bound D = −1/3 
is converted to a particle-level bound by folding the limit to particle 
level to better highlight the differences between the predictions using 
different parton shower orderings. For POWHEG + PYTHIA, this yields 
−0.322 ± 0.009, in which the uncertainty includes all uncertainties in the 
POWHEG + PYTHIA model except the parton shower uncertainty (for 
more details of these uncertainties, see section ‘Systematic uncertain-
ties’). Similarly, for POWHEG + HERWIG, with an angular-ordered parton 
shower, a value of −0.27 is obtained. No uncertainties are assigned in 
this case because it is merely used as an alternative model.

Discussion
In both of the validation regions, with no entanglement signal, the 
measurements are found to agree with the predictions from different 

Monte Carlo setups within the uncertainties. This serves as a consist-
ency check to validate the method used for the measurement.

Although the different models yield different predictions, the cur-
rent precision of the measurements in the validation regions does not 
allow us to rule out any of the Monte Carlo setups that were used. It is 
important to note that close to the threshold, non-relativistic QCD 
processes, such as Coulomb bound state effects, affect the production 
of tt  events28 and are not accounted for in the Monte Carlo generators. 
The main impact of these effects is to change the line shape of the mtt  
spectrum. The impact of these missing effects was tested by introduc-
ing them with an ad hoc reweighting of the Monte Carlo based on 
theoretical predictions, and the effect was found to be 0.5%. Other 
systematic uncertainties on the top-quark decay (1.6%) and top-quark 
mass (0.7%) also similarly change the line shape within our experimen-
tal resolution and have a much larger impact. Therefore, the ad hoc 
reweighting is not included by default in the measurement because 
including it would not change the sensitivity of the result within the 
precision quoted.

In the signal region, the POWHEG + PYTHIA and POWHEG+ HERWIG 
generators yield different predictions. The size of the observed differ-
ence is consistent with changing the method of shower ordering and 
is discussed in detail in the section ‘Parton shower and hadronization 
effects’.

In the signal region, the observed and expected significances with 
respect to the entanglement limit are well beyond five standard devia-
tions, independently of the Monte Carlo model used to correct the 
entanglement limit to account for the fiducial phase space of the  
measurement. This is shown in Fig. 2b, in which the hypothesis of no 
entanglement is shown. The observed result in the region with 

m340 GeV < < 380 GeVtt  establishes the formation of entangled tt  
states. This constitutes the first observation of entanglement in a 
quark–antiquark pair.

Apart from the fundamental interest in testing quantum entangle-
ment in a new environment, this measurement in top quarks paves the 
way to use high-energy colliders, such as the LHC, as a laboratory to 
study quantum information and foundational problems in quantum 
mechanics. From a quantum information perspective, high-energy 
colliders are particularly interesting because of their relativistic nature 
and the richness of the interactions and symmetries that can be probed 
there. Furthermore, highly demanding measurements, such as meas-
uring quantum discord and reconstructing the steering ellipsoid, can 
be naturally implemented at the LHC because of the vast number of 
available tt  events51. From a high-energy physics perspective, borrow-
ing concepts from quantum information theory inspires new 
approaches and observables that can be used to search for physics 
beyond the standard model52–55.

Online content
Any methods, additional references, Nature Portfolio reporting summa-
ries, source data, extended data, supplementary information, acknowl-
edgements, peer review information; details of author contributions 
and competing interests; and statements of data and code availability 
are available at https://doi.org/10.1038/s41586-024-07824-z.

1. Einstein, A., Podolsky, B. & Rosen, N. Can quantum-mechanical description of physical 
reality be considered complete? Phys. Rev. 47, 777–780 (1935).

2. Schrödinger, E. Discussion of probability relations between separated systems. Math. 
Proc. Camb. Philos. Soc. 31, 555–563 (1935).

3. Bell, J. S. On the Einstein Podolsky Rosen paradox. Phys. Phys. Fizika 1, 195–200 (1964).
4. Bennett, C. H. & DiVincenzo, D. P. Quantum information and computation. Nature 404, 

247–255 (2000).
5. Nielsen, M. & Chuang, I. L. Quantum Computation and Quantum Information (Cambridge 

Univ. Press, 2000).
6. Marciniak, C. D. et al. Optimal metrology with programmable quantum sensors. Nature 

603, 604–609 (2022).
7. Horodecki, R., Horodecki, P., Horodecki, M. & Horodecki, K. Quantum entanglement. Rev. 

Mod. Phys. 81, 865–942 (2009).

Table 1 | Summary of uncertainties

Source of 
uncertainty

∆Dobserved 
(D = −0.537)

∆Dobserved (%) ∆Dexpected 
(D = −0.470)

∆Dexpected (%)

Signal modelling 0.017 3.2 0.015 3.2

Electrons 0.002 0.4 0.002 0.4

Muons 0.001 0.2 0.001 0.1

Jets 0.004 0.7 0.004 0.8

b-Tagging 0.002 0.4 0.002 0.4

Pile-up <0.001 <0.1 <0.001 <0.1

ET
miss 0.002 0.4 0.002 0.4

Backgrounds 0.005 0.9 0.005 1.1

Total statistical 
uncertainty

0.002 0.3 0.002 0.4

Total systematic 
uncertainty

0.019 3.5 0.017 3.6

Total uncertainty 0.019 3.5 0.017 3.6

A summary of the effect of the groups of uncertainties at the expected standard model value 
of Dexpected = −0.470, corresponding to the POWHEG + PYTHIA modelling, and the observed 
value Dobserved = −0.537, both in the signal region. ET

miss denotes the magnitude of the missing 
transverse momentum. The total systematic uncertainty is calculated as the sum in 
quadrature of the individual groups of systematic uncertainties.

Expected value from various MC generators is a bit larger,  

Tension with theoretical predictions: more singlet needed?

D ≃ − 0.45
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defined with m > 500 GeVtt . Each of the regions has a tt -event purity 
of more than 90%. The dominant sources of background processes 
arise from tW and fake-lepton, accounting for 56% and 27% of the back-
ground in the signal region, respectively. The remaining 17% of back-
ground events arise from tt X+  and the production of dileptonic events 
from either one or two massive gauge bosons. The distribution of cos φ 
in the signal region and the detector-level Ddetector value, built from the 
cos φ at the reconstructed detector level and after background subtrac-
tion, are shown in Fig. 1a,b.

To compare the data with calculations and correct for detector 
effects, we must also define an event selection using the ‘truth’ informa-
tion in the Monte Carlo event record. This selection uses particle-level 
objects to match as closely as possible the selection at the detector 

level and is called a fiducial particle-level selection. Particle-level 
events are required to contain exactly one electron and one muon 
with opposite-sign electric charges and at least two particle-level jets, 
one of which must contain a b-hadron. The cos φ distribution is then 
constructed from the particle-level top quarks and charged leptons in 
the same manner as at the detector level.

The response of the detector, the event selections and the top-quark 
reconstruction distort the shape of the cos φ distribution. The observed 
distribution is corrected for these effects with a simple method: a 
simulation-based calibration curve that connects any value at the detec-
tor level to the corresponding value at the particle level. We correct 
the data for detector effects by using a unique calibration curve built 
for each signal and validation region based on the expected signal 
model, after subtracting the expected contribution from background 
processes. Owing to the limited resolution of the reconstructed mass 
of the tt  system, some events that truly belong to the validation regions 
can enter the signal region at the detector level. These events are treated 
as detector effects.

To build these curves, Monte Carlo event samples are created with 
alternative values of D by reweighting the events, following the proce-
dure described in the section ‘Reweighting the cos φ distribution’. The 
calibration curve corrects the value Ddetector measured at the detector 
level to a corresponding value Dparticle at the particle level. To construct 
the calibration curve, several hypotheses for different values of D, 
denoted by D′particle with a corresponding D′detector  value, are created 
corresponding to the changes in the expected value of entanglement.

The pairs of D′detector and D′particle are plotted in Fig. 2a. A straight line 
interpolates between the points. With this calibration curve, any value 
for Ddetector can be calibrated to the particle level.

Three categories of uncertainties are included in the calibration 
curves: uncertainties in modelling tt  production and decay, uncertain-
ties in modelling the backgrounds and detector-related uncertainties 
for both the tt  signal and the standard model background processes. 
Each source of systematic uncertainty can result in a different calibra-
tion curve because it changes the shape of the cos φ distribution at the 
particle level and/or detector level. For each source of systematic 
uncertainty, the data are corrected using this new calibration curve, 
and the resultant deviation from the data corrected by the nominal 
curve is taken as the systematic uncertainty of the data due to that 
source. Systematic uncertainties from all sources are summed in quad-
rature to determine the final uncertainty in the result.

For all of the detector-related uncertainties, the particle-level quan-
tity is not affected and only detector-level values change. For signal 
modelling uncertainties, the effects at the particle level propagate to 
the detector level, resulting in shifts in both. Uncertainties in modelling 
the background processes affect how much background is subtracted 
from the expected or observed data and can, therefore, cause changes 
in the calibration curve. These uncertainties are treated as fully corre-
lated between the signal and background (that is, if a source of system-
atic uncertainty is expected to affect both the signal and background 
processes, this is estimated simultaneously and not separately).

A summary of the different sources of systematic uncertainty and 
their impact on the result is given in Table 1. The size of each systematic 
uncertainty depends on the value of D and is given in Table 1 for the 
standard model prediction, calculated with POWHEG + PYTHIA. The 
systematic uncertainties considered in the analysis are described in 
detail in the section ‘Systematic uncertainties’.

To compare the particle-level result with the parton-level entangle-
ment limit D < −1/3, the limit must be folded to the particle level.  
A second calibration curve is constructed to relate the value of Dparton 
to the corresponding Dparticle. The definitions of parton-level top quarks 
and leptons in the Monte Carlo generator follow ref. 24 and correspond 
approximately to those of stable top quarks and leptons in a fixed-order 
calculation. Only systematic uncertainties related to the modelling of 
the tt  production and decay process are considered while building this 
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Fig. 2 | Summary of results. a, Calibration curve for the dependence between 
the particle-level value of D and the detector-level value of D in the signal 
region. The yellow band represents the statistical uncertainty, and the grey 
band represents the total uncertainty obtained by adding the statistical and 
systematic uncertainties in quadrature. The measured values and expected 
values from POWHEG + PYTHIA 8 (hvq) are marked with black and red circles, 
respectively, and the entanglement limit is shown as a dashed line. b, The 
particle-level D results in the signal and validation regions compared with 
various Monte Carlo models. The entanglement limit shown is a conversion 
from its parton-level value of D = −1/3 to the corresponding value at the 
particle level, and the uncertainties that are considered for the band are 
described in the text.
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tt̄ spin correlations at the LHC

ATLAS: “Observation of quantum entanglement with top quarks ...”
D = –0.537± 0.002(stat.)± 0.019(syst.) for 340GeV < mtt < 380GeV.

Expected value from various MC generators is about D = →0.46.
Tension with theoretical predictions: more singlet needed?

8 / 45

Contains an additional 
contribution from a pseudo 
scalar  bound state tt̄ ηt

To ease the tension, theoretical models obtained by adding 
an  bound state to the SM production mechanism have 
been proposed

ηt
[Maltoni,Severy,Vryonidou,2024]

Other authors are improving MC generator by including full 
treatment of threshold-enhanced contributions to  
production in the non-relativistic approximation

tt̄

[Fuks,Hagiwara,Ma,Zheng,2024]

The CMS and ATLAS results on a pseudoscalar excess near threshold seem to support the need for an  contribution…ηt
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Coulomb interactions dominate close to the production threshold and may lead to the formation of bound states

In terms of Feynman diagrams, the formation of a bound state is represented by a ladder diagram

Coulomb exchanges lead to perturbative corrections enhanced by 
, where  is the velocity of the top in the  rest frame. Each 

ladder contributes a factor  ( colour factor)
1/v v tt̄

as/v as = αs ×

In a bound Coulombic system, potential energy is , momentum is 
 (by the uncertainty principle); kinetic energy and momentum 

must be of the same order, , leading to 

as/r
p ≈ 1/r

p2/m ≈ as/r v = p/m ≈ as

Near the bound state Coulomb exchanges leads to correction of 
order  which must all be resummed to all ordersαs/v ≈ 1
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At Born level the  pair can be produced in a colour singlet or colour octet statett̄

σ(8)
gg ≈ 5

α2
s

m2

πv
192

σ(1)
gg ≈ 2

α2
s

m2

πv
192

in the threshold limit

Coulomb exchange yields enhanced correction near threshold, 
proportional to the corresponding colour factor:  for singlet, 

 for the octet: the singlet prevails
CF

−1/(2NC)

The  correction leads to an enhancement of the correlationas/v

In perturbation theory, corrections for order  arise at all orders in perturbation theory; NLO accurate 
generators include  corrections; NNLO accurate generators include  corrections, etc.

(asv)n

as/v (as/v)2

Threshold enhancement in bound Coulombic systems at the LHC
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Figure 3: Invariant mass distribution including all production channels shown in Tab. 2. The
width of the bands reflect the scale dependence of the hard scattering parts.

pole of tt̄ and the top quark MS-mass. The absolute normalization of the cross section is also
sensitive towards electroweak corrections [45–49] which are of the order of 5% close to thresh-
old. For example, the difference between corrections from a light (Mh = 120 GeV) and a heavy
(Mh = 1000 GeV) Higgs boson amounts to roughly 6% [48].

In Fig. 4 the prediction for dσ/dM based on NRQCD is compared with the one obtained
from a fixed order NLO calculation for stable top quarks which is obtained using the program
HVQMNR [50]. As expected from the comparison of solid and dotted curves in Fig. 1, the two
predictions overlap for invariant masses around 355 GeV. Above 355 GeV relativistic correc-
tions start to become important. From this comparison we find an additional contribution to
the total cross section for tt̄ production of roughly 10 pb, which could become of relevance for
precision measurements. Note that the band of the NRQCD-based prediction only contains the
uncertainty from the scale variation of L→F whereas the one of the Green’s function (which
can reach up to 20%, see Section 5) is not shown.

The analysis of this work has concentrated on the threshold region and is applicable for M up
360 GeV at most. However, it is obvious, that the overall shape of dσ/dM will be distorted and
the mean 〈M〉 shifted to smaller values, which might affect the global fit of dσ/dM. In Fig. 5
we present for comparison the NLO prediction for dσ/dM in the wide range up to 700 GeV.

17

[Kiyo, Kühn, Moch, Steinhauser, Uwer 2009]
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Bound states

σ(E) ≈
1

m4
δ(E − 2m) |ψ(0) |2 α2

s

A bound states contributes to the cross section as hard production

Estimating |ψ(0) |2 ≈ 1/r3
b ≈ (asm)3

σ(E) ≈
1
m

δ(E − 2m)α2
s a3

s
N3LO 
correction

Note: this term cannot arise in perturbation theory, since it vanishes for negative values of the coupling:  bound 
states exist only for positive values of  as
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In a bound Coulombic system, in analogy with the Hydrogen atom, bound states are characterised by , 
momenta of order , size of order  and energies of order 

v ≈ as
mas 1/(mas) ma2

s

Threshold enhancement and bound states

Time to sweep an orbit is approximately the inverse of the binding energy, , which is 
comparable to the top lifetime

1/(ma2
s ) ∼ (1 GeV)−1

Although no narrow bond state can be formed, top pairs 
which live much longer than the average lifetime could 
make a few orbits: bump visible in the cross section

[Hgiwara,Sumino,Yokoya, 2008]
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Bound state formation and experimental resolution

Experiments do not measure exactly the distribution of  but rather a smeared distribution. Experimental results 
are quoted for mass bins that go from threshold ( ) up to 

mtt̄
≈ 340 GeV 360, 380, 400 GeV

Results should be sensitive to times of the order of the inverse bin size. Part of the cross section goes into bound state 
formation, part in operation production, but the experimental result should be insensitive to the exact proportion of 
the two contribution 

Enhanced contributions of order  should be sensitive to the velocities corresponding to the adopted mass cut 
rather than , and it should be possible to perform the calculation using perturbation theory

as/v M
v ≈ as
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Bound states in (non-relativistic) quantum mechanics

J
H
E
P
1
0
(
2
0
2
5
)
1
4
9

Figure 1. Illustration of the cross section integrated in the invariant mass of the tt̄ pair up to a given
cut M (cut)

tt̄
in terms of a contour integral of the forward amplitude for complex energies.

be visible if one had the experimental resolution to measure precisely the mass of the tt̄

pair, or if one was looking at production channels where the mass is well-constrained [22–24],
or at final states arising from the annihilation of the tt̄ pairs into particles that can be
well measured [25, 26]. Attempts to include the effects of the ηt have been carried out
by the experiments themselves [18, 19], and also in refs. [12, 20, 21, 27]. To improve the
description of the region close to threshold, the all-order resummation of non-relativistic
effects in tt̄ production has been subject of various studies, see for example [28–37]. These
effects are typically not included in state-of-the-art predictions for differential top-quark pair
production, which nowadays reach NNLO accuracy in QCD [38–41] and can be supplemented
by the inclusion of electroweak (EW) corrections [42] and by the resummation of soft and
small-mass logarithms [43, 44].

The motivation of the present work arises from the observation that, since we cannot
fully resolve the invariant mass of the tt̄ system experimentally, it should not be necessary
to include the full resummation of non-relativistic effects. The experimental collaborations
typically deal with integrated distribution in the tt̄ mass up to a mass cut M of the order
of 380 → 400GeV. Intuitive reasoning leads us to conclude that under these circumstances
enhanced contributions of order (αs/v)n (where v is the top velocity in the tt̄ rest frame) which
arise to all order in perturbation theory should be sensitive to the velocities v corresponding to
the adopted mass cut M rather than v ∼ αs, which would require full resummation and may
also give rise to bound state formation. This follows from the fact that we are dealing with a
cross section for a final state in an s-wave angular momentum state, which is proportional to
the squared amplitude integrated over the final state kinematics. By the optical theorem,
the cross section can be written as the imaginary part of the forward amplitude, and thus
the integral of the cross section over the energy of the tt̄ system up to a given cut M can be
expressed as a contour integral in the (complex) energy plane around the real axis, where
the bound state poles and the cut corresponding to the production of free tops are located.
This contour integral can be deformed into an integral around a circle with a radius equal to
M → 2m, where m is the top mass, as illustrated in figure 1, which shows that the integration
region can only be sensitive to energies that are far from threshold by an amount of order
M → 2m. One thus expects that the integrated cross section will acquire the structure of
1/v singularities, where v is the velocity of the top in the tt̄ rest frame when the mass of

– 2 –

In this limit, we can only consider ss-wave final states. The cross section is related to the density of states , 
which can be in turn related to the imaginary part of the forward resolvent

ρ(E)

By analicity, its integral up to a sufficiently large energy cut can be 
expressed as an integral of the forward resolvent along a circle in the 
complex energy plane that is far from the origin

Top production dynamics near threshold can be studied in terms of non-relativistic quantum mechanics

Sufficiently away from threshold, there should be no sensitivity to bound 
state formation. It should be possible to compute it with a convergent 
perturbative expansion theory

R(E) =
1

H − E

The problem we are facing arises in quantum mechanics every time we deal with the formation of a bound state 

In order to better understand what goes on we considered a simple quantum mechanical example: the single 
particle in a delta-function potential in one dimension
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Spectral density for the delta-function potential

−
1

2m
d2

dx2
ψ − λ δ(x) ψ = Eψ

Schrödinger Equation

Only parity-even solutions are relevant:

ψ0(x) = θ(λ) mλ [eλmxθ(−x) + e−λmxθ(x)], E0 = −
mλ2

2

ψk(x) =
2

L(1 + λ2/v2
k ) [cos(kx) −

x
|x |

λ
vk

sin(kx)], vk =
k
m

; Ek =
k2

2m

Bound state (n.b. no bound state if !)λ < 0

ρ(E) = ∑
k

|ψk(0) |2 δ(E − Ek) = θ(λ)λm δ (E +
1
2

mλ2) +
1
π

m
kE

1
1 + λ2/v2

E

Density of states turns out to be

This expression does not seem to have a power expansion in ; first term cannot appear in a perturbative 
calculation (due to the Heaviside theta function)

λ
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Spectral density for the delta-function potential

∫
E′￼

dE ρ(E) =
1
π

kE′￼
+ m [λθ(λ) −

|λ |
2 ]

=λ/2

+
mλ2

π
m
kE′￼

+ …

We can however compute the integral of the density of states from the threshold up to a given value

The non-analytic term arising from the bound state combines with a non-analytic term arising from the 
continuum and form an analytic term

A perturbative expansion for  is possible as long as we interpret its coefficients as distributionρ(E)

ρ(E) ⟹
λ
2

mδ (E +
1
2

mλ2) +
1
π

m
kE ( 1

1 + λ2/v2
E )

+

ρ(E) = θ(E)
m

πkE
+

λm
2

δ(E)
Expanding at order  one getsλ

This result can also be obtained in a direct perturbative calculation, without need to introduce bound states, nor 
being aware of the existence of effects arising from the resummation of the perturbative expansion near threshold
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The  casett̄

ρl(ℰ) →
(m)2

4π2 (v +
πal

2
+

π2a2
l

12v
+

πζ(3)a3
l

4
mδ(ℰ))

The  case is equivalent to the Hydrogen atom problem; following a similar reasoning to the simpler delta case, 
one can obtain from the energy density the first three perturbative orders obtaining

tt̄

 Among state of the art calculations used for this process, some include the first correction (NLO calculations), 
some up to the  second one (NNLO), none includes the third term (which is however very small)

ℰ = E − 2m, l = 1(8), a1 = CFαs, a8 = − αs/(2NC)
See also [Beneke, P. Ruiz-Femenia, 2016]

N3LO term includes effect of bound-states and other perturbative N3LO corrections, which cannot be 
disentangled with the resolution currently available at the LHC
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Funes el memorioso Ut nihil non isdem verbis redderetur auditum  
[So that nothing that had been heard failed to be rendered in the same words]

Pliny the Elder, Naturalis historia
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POSITRONIUM SINGULARITIES IN QUANTUM ELECTRODYNAMICS 655 

n=O 

n<n' ( q2) can be represented as a sum of Feynman 
diagrams, each being an analytic function of q2 with 
singularities dictated by the Landau rules. As can be 
seen from (18), for q2 =4m 2 n<nJ (q2 ) has an integrable 
pole or square -root singularity. This singularity is not 
related to the production of composite particles, but 
is a consequence of the vanishing photon mass. If, as 
is usually done, one starts from a theory with photon 
mass A. I 0, the nonintegrable singularity of Den' (q2 ) 

at q2 = 4m2 disappears. In order to see this, we re-
place the Coulomb Green's function g in (8) by the 
Green's function for a Hulthen potential 
V0e-A.r ( 1 - e-"-r)-\ for A.- 0 and Vo = aA.. This does 
not exactly correspond to the introduction of a photon 
mass A., but is more like the introduction of an assem-
bly of photons with masses which are multiples of A.. 
Nevertheless it is natural to assume that the results 
do not depend on method of going to the limit A.- 0. 
Then the function </! ( 1 - iv) in (10) will be replaced by 
the expression 

""( 2 2J..N-i'/q2 -4m2 ) ( i -) L; -- _ -"' 1--'/q'-4m• , (20) 
N=l N J,JV•-iN'/q2 -4m2 -am ;,. 

which goes over into 1/J ( 1 - iv) for A. - 0. Expanding 
(20) in a series in a will preserve the expressions 
A.N- i(q2 - 4m 2 ) 112 in the denominator, and for A. I 0 
these never vanish. Therefore for A. I 0, nm' ( q2 ) is 
analytic in q2 with a cut along q2 0, with a branch 
point at q2 = 4m2 which is integrable at that point. We 
emphasize that n<n' has no poles corresponding to 
positronium, since it is simply a sum of a finite num-
ber of Feynman diagrams. Assuming that n<nl ( q2 ) de-
creases as J q2 J - oo, we can write a dispersion rela-
tion 

1 rimD<n>(s)ds 
D<nl(q')=-J . 

no s- q• 
(21) 

The imaginary part Im n<n> can be obtained from the 
Feynman diagram by means of the Landau-Cutkosky 
rules, i.e., using generalized unitarity in n-th order of 
perturbation theory. 

Using (19) we sum the n<m (q2) and obtain 
1 1 r Imn<n>(s)ds 

J 
q• n n=l 0 s - q• 

(22) 

for J q2 - 4m 2 / > a 2m2 • 

At a first glance, Eq. (22) looks paradoxical. The 
function D ( q2 ) is represented as a dispersion integral 
which does not contain any positronium poles. But we 

know that in fact such poles should be present: they 
are explicitly exhibited in Eq. (18). Therefore the 
correct dispersion relation for D ( q2 ) must look as 
follows: 

1 1 r ImD(s)ds CN 
D(q')=--+-J ---

q• n 0 S- q2 N=IMN2- q2' 
(23) 

where MN are the positronium masses. The apparent 
contradiction between (22) and (23) can, of course, be 
explained by the impossibility of interchanging the 
order of summation and integration in (22). The sum 
over n in (22) converges, but Im nm>( s) diverges 
in the region J s a 2m 2 • The difference be-
tween the sum of integrals in (22) and the integral in 
(23) is exactly equal to the sum of pole terms in (23). 
This can be seen directly by taking an individual term 
in the sum (20). 

We come to the conclusion that in the presence of 
composite particles the Feynman diagram method 
which operates with off-mass-shell quantities, and the 
axiomatic dispersion approach in conjunction with 
unitarity, are not equivalent insofar as perturbation 
theory is concerned. The method of Feynman diagrams 
continues to work far from the singularities produced 
by virtual composite particles. The dispersion method 
requires the knowledge of the discontinuity across the 
cut throughout the whole energy range, including the 
domain where perturbation theory is manifestly inap-
plicable. Therefore this method is incompatible with 
perturbation theory in the presence of composite 
particles. 

In concrete computations of Feynman diagrams one 
can, of course, use dispersion relations in the form 
(22). Practically this means that in dispersion rela-
tions combined with perturbation theory there is no 
need to take into account the contribution from poles 
produced by composite particles. 
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as they are expected to do. This also indicates that we are following the right track. The overall
conclusion is that high order corrections do not bring agreement for moments with large n.

7.4. Comparison between charmonium and positronium sum rules

A few comments are now in order concerning the bound state contributions to sum rules in
quantum electrodynamics a~din chromodynamics. In the previous subsection we evaluated the
chromodynamic correction of order ;~using results from QED and, in particular, the Coulomb
bound states in the imaginary part of the vacuum polarization. It is worth emphasizing that in
QCD the introduction of the Coulomb bound states is purely a computational trick. We do not
assume that these states do exist in nature. They would have existed if the strong interactions would
have been described by a coupling constant which is small at all distances. In QCD we used a
Coulomb-like expression~for RC exclusively to get the right answer for the real part of the vacuum
polarization at q2 = 0. An alternative would be a direct calculation of the corresponding Feynmangraphs up to order ;~.
Since in QCD the coupling constant varies with distance, the contribution of the real bound

states (J/,/i, i4” ...) is of zeroth order in the small constant cc~(m~).Indeed, it is proportional to
12 R where R is the radius of thecharmonium level and, from the value of f(J/~/i— e + e ),

one finds that R is ofthe order ofthe usual hadronic scale, R -~1/0.5 GeV.
In QED we cannotmake a model with such a behaviour of the coupling constant. It is possible,

however, to clarify a related problem which is which distances determine the moments for the
cross section. The first impression is that large distances are important for terms of order cc3 since
they receive contribution from the bound states and since the dispersion integral is dominated
by small velocities of order cc. If large distances were indeed also important in quantum chromo-
dynamics, the corresponding corrections would have been large and proportional to [cc,,(m~)]°.
However, it is possible to demonstrate that the moments in QED are in fact determined by short

distance behavior. To this end let us introduce a modified potential which coincides with the
Coulomb one for r < r

0 and vanishes at r> r0. The structure ofthe bound states is then drastically
changes and, for r0 < 1/mcc, there is no bound state at all. Simultaneously the imaginary part in the
continuum spectrum is changed for quark velocity of order (mr0) ~. One can verify that all such
changes do not affect the moments ofthe imaginary part, as far as mr0 ~- 1. More precisely, if the
moments are defined as

M,, = — (2m— A)
2]~~’R(s) (7.17)

then the correction factor due to the introduction of a finite radius in the limit r
0\/~i~~. 1 is

equal to (for n = 1):

~ {Mi(1~)I~0~}(1— ~ (7.18)

and is exponentially small.
Relation (7.18) can be derived by solving the nonrelativistic Schtodinger equation. The method

is analogous to that given in textbooks for the case of scattering near threshold for charged par-
tides’ production (Landau and Lifshitz [101,§ 144]). To bemore specific a nonrelativistic approach
to the sum rules is outlined in the next subsection.

[Novikov et al.  1977]

Ut nihil non isdem verbis redderetur auditum  
[So that nothing that had been heard failed to be rendered in the same words]

Pliny the Elder, Naturalis historia
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positronium. The contribution of the positronium singularities to the positronium hyperfine

splitting in this case was calculated in [16].

k

FIG. 1. Polarization Operator Contribution to AMM

Below we will consider in more detail calculation of the polarization operator contribution

in Fig. 1 and demonstrate that the standard perturbative contributions give the complete

QED contribution to AMM. Nothing we will say below is new and not contained in [15, 16],

but the claims made in [3, 4] show that the old arguments deserve to be repeated.

We start with a qualitative discussion. Recall how the formation of a QED bound state

is described in the diagrammatic language. Consider an electron-positron four-point Green

function (the polarization operator is just a special case of this four-point function). This

Green function has a series of poles in the s-channel (s = k2) corresponding to the energy

levels of the electron-positron bound states – levels of positronium of the form Zn(α)/(s−

E2
n), En = 2m − α2m/(4n2). These poles can be considered as singularities (poles) in α,

and an expansion in powers of α is clearly illegitimate in the vicinity of the poles, when

|s−4m2| ≤ m2α2. Besides bound states the singularities in α are due also to the continuum

scattering states near the threshold, s−4m2 ≤ m2α2, see [15, 16]. It is well known that these

singularities arise as a result of summation of an infinite series of the perturbation theory

diagrams, see, e.g., [17]. Consider the diagrams with the (Coulomb) photon exchanges

between the electron and positron lines that are responsible for the formation of the bound

state. For the generic external momenta each extra exchanged photon carries an extra

suppression factor α ∼ 1/137, and the diagrams with a large number of photon exchanges

are strongly suppressed. How is it possible that the sum of these diagrams develops poles at

s ∼ 4m2 corresponding to the positronium bound states? The only way how it happens is

that the series diverges at s ∼ 4m2, and all terms in the series are of the same order in the

vicinity of s ∼ 4m2. At first glance this cannot happen since, as we just explained, addition

of an extra rung to the ladder of exchanged photons results in an extra small factor α. But

4

3

To calculate this integral, we note that the Green’s func-
tion satisfies the dispersion relation

GE(0, 0, E) =
1

π

→
∫

E1

dE′ ImG(0, 0, E′)

E′ → E → i0
, (19)

where E1 = →meα2/4 is the binding energy of the
positronium ground state. Formally taking the limit
E → →∞ in the above expression, we obtain

lim
E→−→

πEGE(0, 0, E) = →

→
∫

E1

dE′ ImG(0, 0, E′) . (20)

Therefore, Eq. (18) can be cast into the form where the
integral of the spectral density is traded for the compu-
tation of Green’s function of the Coulomb problem at
large negative energy, far away from all the poles and
singularities that are present in spectral density

ae(vp)
thr ≈ →

2α2K(4m2
e)

πm3
e

× lim
E→−→

[πEGE(0, 0, E)] .

(21)
Green’s function of a Coulomb problem at large negative
energies can be calculated perturbatively without any ref-
erence to its spectral density and non-trivial effects there
both in bound states and continuum, by iterating the
equation

G = G0 →G0V G (22)

in the Coulomb potential V . This is exactly equivalent
to what is done in conventional perturbative computa-
tions, where all diagrams are calculated by performing
the Wick rotation with subsequent integration over the
loop momenta. In doing so, one maps the problem from
a Minkowski one to an Euclidean one and cleanly avoids
all singularities associated with multi-particle thresholds.
Perturbative expansion of Green’s function at large

negative energies can be found from the following rep-
resentation [6, 7]

G(0, 0, E) =
imek

4π
→

m2
eα

4π
log(→ikr0)

→
m3

eα
2

8π

→
∑

n=1

1

n2

1

(meα/2n) + ik
,

(23)

where E = k2/me, and log r0 is a subtraction constant
that is absorbed in the constant term in Eq.(7). To com-
pute the negative energy asymptotic, we use k = iκ,
κ > 0. Expanding Eq. (23) in series in α and keeping
track of the O(α3) contribution, we obtain

G(3)
(

0, 0,→
κ2

m

)

=
m4

eα
3ζ(3)

16πκ2
. (24)

Therefore,

lim
E→−→

[

πEG(3)(0, 0, E)
]

=

lim
κ→→

[

→π
κ2

m
G(3)

]

= →
m3

eα
3ζ(3)

16
.

(25)

Using this result in Eq. (21), we obtain the contribu-
tion shown in Eq. (17). Since the above derivation relies
solely on the properties of Green’s function in the region
where perturbative description is justified, we conclude
that the non-perturbative effects cancel out in the sum
of positronium poles and continuum contributions. The
sum matches perturbative correction to ae(vp) at order
O(α5).
We note that absence of non-perturbative contribu-

tions can be also understood by regulating threshold sin-
gularities with the photon mass. Indeed, if we introduce
the non-vanishing photon mass λ & me and keep it such
that αme/λ & 1, no bound states can appear in the
spectral density. However, the smooth limit λ → 0 must
exist in the each order in α which ensures that “non-
perturbative” contributions are absent. Instead of the
photon mass we can cut the Coulomb potential at dis-
tances 1/(meα) ' r ' 1/me without changing the g→ 2
result (17).
Finally, we note that the argumentation presented here

is general and applies beyond the case of anomalous mag-
netic moments. In fact, for any QED or QCD observable
that requires the knowledge of any two-point function in
the Eucledean region, perturbation theory gives complete
description up to non-perturbative vacuum condensates
parametrized by matrix elements of local operators [5–7].
However, it never happens that a summation of infinite
classes of Feynman diagrams enhanced at any threshold
generates additional effects beyond perturbation theory,
in spite of highly non-trivial behavior of threshold spec-
tral densities [11]. The misunderstanding of this fact, as
illustrated by Refs. [1, 2] and a much earlier discussion of
how tt̄ threshold effects may affect precision electroweak
observables such as the ρ-parameter [8–10], appears to
be quite common. We hope that the present note will
help to clarify it.
Acknowledgments: The work of K.M. is partially sup-
ported by US NSF under grants PHY-1214000. A.V.
thanks for hospitality the Kavli Institute for Theoreti-
cal Physics where his research is supported in part by
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The present remarkable statistics and accuracy of the LEP data at the energy of the

Z peak calls for a significant theoretical precision of calculation of the electroweak loop

effects with the goal of sensing the effects of Higgs boson and/or new physics once the top

quark mass is known (for a recent review see e.g. Ref. [1]). Due to the large mass of the top

quark, the effects of the tt̄ and tb̄ loops, proportional tom2
t , have to be calculated including

the QCD corrections. Specifically, the leading in the limit m2
t/m

2
Z → 1 electroweak

corrections, related to theW and Z propagators, are universally determined[1] by the finite

difference of the longitudinal parts of the Z boson and the W boson vacuum polarization

insertions at q2 → 0. When expressed for definiteness in terms of the correction to the

electroweak ρ parameter the effect of the heavy quark loop is given by

∆ρ =
3Gµ

8π2
√
2
m2

t

(

1−
2αS

9π
(π2 + 3)

)

(1)

in the lowest[2] and the first[3] orders in αS. The present accuracy of the data already

makes necessary a quantitative understanding of the magnitude of the αS term as well as

of the higher QCD corrections.

Recently a doubt was cast[4, 5, 6] on the calculability of the higher QCD effects in

the expression (1) in terms of the QCD coupling, normalized at distances of order m−1
t :

αS(mt). The reason for this doubt arises in a calculation of the vacuum polarization

at q2 ≈ 0, i.e. far below the tt̄ and tb̄ thresholds, using the dispersion relations, which

involve integrals over the spectral densities of the physical states, containing tt̄ and tb̄

near and above the corresponding thresholds. The resonances and the continuum states

near the threshold are governed by the perturbative and non-perturbative dynamics at

long distances, which are much larger than m−1
t , hence the doubt about the calculability

of the vacuum polarization at q2 → 0 in terms of αS(mt). Here we point out that this

doubt is ungrounded and that the solution of this problem is known long ago: at least

since the development of the QCD sum rules for charmonium[7]. Moreover, this is exactly

the central point of the QCD sum rules, that though each individual hadronic state is

governed by long-distance dynamics, the dispersion integrals over these states, which give

the vacuum polarization far below the threshold, are determined by the short-distance

QCD dynamics. This point, which was also emphasized in a recent paper [8], is further

discussed below in the text.

The long-distance QCD effects however produce a certain effect on the expression (1)

through the conventions associated with it. Namely, the result in eq.(1) is written in terms

1

[Smith, Voloshin 1994]

[Eides 2014]

[Melnikov, Vainshtein, Voloshin 2014]
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n=O 

n<n' ( q2) can be represented as a sum of Feynman 
diagrams, each being an analytic function of q2 with 
singularities dictated by the Landau rules. As can be 
seen from (18), for q2 =4m 2 n<nJ (q2 ) has an integrable 
pole or square -root singularity. This singularity is not 
related to the production of composite particles, but 
is a consequence of the vanishing photon mass. If, as 
is usually done, one starts from a theory with photon 
mass A. I 0, the nonintegrable singularity of Den' (q2 ) 

at q2 = 4m2 disappears. In order to see this, we re-
place the Coulomb Green's function g in (8) by the 
Green's function for a Hulthen potential 
V0e-A.r ( 1 - e-"-r)-\ for A.- 0 and Vo = aA.. This does 
not exactly correspond to the introduction of a photon 
mass A., but is more like the introduction of an assem-
bly of photons with masses which are multiples of A.. 
Nevertheless it is natural to assume that the results 
do not depend on method of going to the limit A.- 0. 
Then the function </! ( 1 - iv) in (10) will be replaced by 
the expression 

""( 2 2J..N-i'/q2 -4m2 ) ( i -) L; -- _ -"' 1--'/q'-4m• , (20) 
N=l N J,JV•-iN'/q2 -4m2 -am ;,. 

which goes over into 1/J ( 1 - iv) for A. - 0. Expanding 
(20) in a series in a will preserve the expressions 
A.N- i(q2 - 4m 2 ) 112 in the denominator, and for A. I 0 
these never vanish. Therefore for A. I 0, nm' ( q2 ) is 
analytic in q2 with a cut along q2 0, with a branch 
point at q2 = 4m2 which is integrable at that point. We 
emphasize that n<n' has no poles corresponding to 
positronium, since it is simply a sum of a finite num-
ber of Feynman diagrams. Assuming that n<nl ( q2 ) de-
creases as J q2 J - oo, we can write a dispersion rela-
tion 

1 rimD<n>(s)ds 
D<nl(q')=-J . 

no s- q• 
(21) 

The imaginary part Im n<n> can be obtained from the 
Feynman diagram by means of the Landau-Cutkosky 
rules, i.e., using generalized unitarity in n-th order of 
perturbation theory. 

Using (19) we sum the n<m (q2) and obtain 
1 1 r Imn<n>(s)ds 

J 
q• n n=l 0 s - q• 

(22) 

for J q2 - 4m 2 / > a 2m2 • 

At a first glance, Eq. (22) looks paradoxical. The 
function D ( q2 ) is represented as a dispersion integral 
which does not contain any positronium poles. But we 

know that in fact such poles should be present: they 
are explicitly exhibited in Eq. (18). Therefore the 
correct dispersion relation for D ( q2 ) must look as 
follows: 

1 1 r ImD(s)ds CN 
D(q')=--+-J ---

q• n 0 S- q2 N=IMN2- q2' 
(23) 

where MN are the positronium masses. The apparent 
contradiction between (22) and (23) can, of course, be 
explained by the impossibility of interchanging the 
order of summation and integration in (22). The sum 
over n in (22) converges, but Im nm>( s) diverges 
in the region J s a 2m 2 • The difference be-
tween the sum of integrals in (22) and the integral in 
(23) is exactly equal to the sum of pole terms in (23). 
This can be seen directly by taking an individual term 
in the sum (20). 

We come to the conclusion that in the presence of 
composite particles the Feynman diagram method 
which operates with off-mass-shell quantities, and the 
axiomatic dispersion approach in conjunction with 
unitarity, are not equivalent insofar as perturbation 
theory is concerned. The method of Feynman diagrams 
continues to work far from the singularities produced 
by virtual composite particles. The dispersion method 
requires the knowledge of the discontinuity across the 
cut throughout the whole energy range, including the 
domain where perturbation theory is manifestly inap-
plicable. Therefore this method is incompatible with 
perturbation theory in the presence of composite 
particles. 

In concrete computations of Feynman diagrams one 
can, of course, use dispersion relations in the form 
(22). Practically this means that in dispersion rela-
tions combined with perturbation theory there is no 
need to take into account the contribution from poles 
produced by composite particles. 
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as they are expected to do. This also indicates that we are following the right track. The overall
conclusion is that high order corrections do not bring agreement for moments with large n.

7.4. Comparison between charmonium and positronium sum rules

A few comments are now in order concerning the bound state contributions to sum rules in
quantum electrodynamics a~din chromodynamics. In the previous subsection we evaluated the
chromodynamic correction of order ;~using results from QED and, in particular, the Coulomb
bound states in the imaginary part of the vacuum polarization. It is worth emphasizing that in
QCD the introduction of the Coulomb bound states is purely a computational trick. We do not
assume that these states do exist in nature. They would have existed if the strong interactions would
have been described by a coupling constant which is small at all distances. In QCD we used a
Coulomb-like expression~for RC exclusively to get the right answer for the real part of the vacuum
polarization at q2 = 0. An alternative would be a direct calculation of the corresponding Feynmangraphs up to order ;~.
Since in QCD the coupling constant varies with distance, the contribution of the real bound

states (J/,/i, i4” ...) is of zeroth order in the small constant cc~(m~).Indeed, it is proportional to
12 R where R is the radius of thecharmonium level and, from the value of f(J/~/i— e + e ),

one finds that R is ofthe order ofthe usual hadronic scale, R -~1/0.5 GeV.
In QED we cannotmake a model with such a behaviour of the coupling constant. It is possible,

however, to clarify a related problem which is which distances determine the moments for the
cross section. The first impression is that large distances are important for terms of order cc3 since
they receive contribution from the bound states and since the dispersion integral is dominated
by small velocities of order cc. If large distances were indeed also important in quantum chromo-
dynamics, the corresponding corrections would have been large and proportional to [cc,,(m~)]°.
However, it is possible to demonstrate that the moments in QED are in fact determined by short

distance behavior. To this end let us introduce a modified potential which coincides with the
Coulomb one for r < r

0 and vanishes at r> r0. The structure ofthe bound states is then drastically
changes and, for r0 < 1/mcc, there is no bound state at all. Simultaneously the imaginary part in the
continuum spectrum is changed for quark velocity of order (mr0) ~. One can verify that all such
changes do not affect the moments ofthe imaginary part, as far as mr0 ~- 1. More precisely, if the
moments are defined as

M,, = — (2m— A)
2]~~’R(s) (7.17)

then the correction factor due to the introduction of a finite radius in the limit r
0\/~i~~. 1 is

equal to (for n = 1):

~ {Mi(1~)I~0~}(1— ~ (7.18)

and is exponentially small.
Relation (7.18) can be derived by solving the nonrelativistic Schtodinger equation. The method

is analogous to that given in textbooks for the case of scattering near threshold for charged par-
tides’ production (Landau and Lifshitz [101,§ 144]). To bemore specific a nonrelativistic approach
to the sum rules is outlined in the next subsection.
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other contributions come into place. First of all, αs/v and (αs/v)2 effects yield an important
enhancement to the cross section. Cubic corrections of order α3

sδ(Mtt̄ → 2m), unrelated to
bound state formation, can deplete the signal by a factor of 2. Other subtle QCD effects
come into place that are responsible for the reduction of the strong coupling constant relevant
for cross sections that are smeared out over the threshold region, as we find in our work. It
will be interesting to apply our analysis to the CMS results to clarify these points.

As already stated in the introduction, we are not the first authors to show that one
should not add bound state contributions to the perturbative expansion for integrated cross
sections. As can be seen by looking at the previous literature [45, 46, 48–52], however, it
seems that this message has not yet become common knowledge in the theory community, so
that in several different contexts (including the present one) researchers have stumbled on
this issue. We hope that the simple derivation that we presented here will help in making
this message stick as common knowledge in the theoretical physics community.
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A Detailed calculation for the tt̄ system

In analogy with the model of section 3 we consider the integration of the ρ(E) in eq. (4.1)
multiplied by a power of the energy. We now examine the integral of the second term of eq. (4.1)

In =
∫ Ecut

0
dE En 1
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EF
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bl
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m√
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)
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and rewrite it in the following form
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4π2
∫ Ecut

0
dE En



 1
1 → exp(→ bl

√
m√
E )
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fi

(

→bl
√
m√
E
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4π2
∫ Ecut

0
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fi
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where the coefficients fi are defined by the equation

1
1 → exp(z) =

∞∑

i=0
fiz

i . (A.3)
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ρl(ℰ) →
(m)2

4π2 (v +
πal

2
+

π2a2
l

12v
+

πζ(3)a3
l

4
mδ(ℰ))

σ(8)
qq̄ ≈

α2
s

m2

πv
9

, σ(1)
qq̄ = 0, σ(8)

gg ≈
α2

s

m2

πv
192

× 5, σ(1)
gg ≈

α2
s

m2

πv
192

× 2

The threshold corrections to use in practice are obtained by replacing  with the round parenthesis abovev

Scale choice: The appropriate scale to use for threshold corrections is the typical momentum of the top quarks in 
the  centre of mass, that is of the order of the momentum when the energy equals to tt̄ Ecut ≪ mt

When adding our corrections to the results obtained with standard Monte Carlo generators, in order to avoid 
overcounting, we should subtract the corrections that are already included in the MC generators

In NLO event generators, we subtract the  term at the high scale al

In NNLO event generators, we subtract the  term at the low scale (since that contribution in the MC includes 
running effects) and the  term at the high scale

al
a2

l

The N3LO term is always evaluated at the low scale
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Comparison with data: NLO
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The tension with data disappears at NLO

Residual dependence 
on the generator used, 
to be investigated



Les Rencontres de Physique de la Vallée d'Aoste,  La Thuile, 5 March 2026

Monte Carlo results at NLO
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Four generators: 

• POWHEG-hvq [Frixione,Ridolfi,Nason,2007] 

• hvq+MDS: hvq with the MadSpin decays [Artoisenet et. al 2013] 

• POWHEG-ttb_NLO_dec, [Campbell,Ellis,Re,Nason] 

• POWHEG-bbar_4l [Ježo,Lindert,Oleari,Pozzorini,Nason,2016]

Important differences depending upon which generator is used

The generator differs in the way they implement spin correlation in 
decays, with hvq being the least accurate and bb4l the most accurate

hvq uses its own implementation of the algorithm of [Frixione et al. 2007] 
(also implemented in MadSpin)

Strong temptation to privilege the bb4l code, but since we have been 
unable to pinpoint the causes of the differences, more studies are needed
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Comparison with data: NNLO
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Using NNLO generators already decreases considerably the tension with data

Adding the  correction leads to a small improvementa3
s
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How about the pseudo scalar excess?
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Excess estimated by

• Generating sample with hvq 

• Reweighting performed such that normalisation of  yields 
NNLO result as predicted by MATRIX 

• Additional component fitted to the data, yielding 8.8 pb, argued 
to be consisted with estimates from the Green’s function method

mtt̄

If we compute the threshold enhanced contributions to 
the cross section in the first bin  we getmtt̄ < 360 GeV

3.36 pb 4.43 pb 1.56 pb ∼ 9 pb
as/v a2

s /v2 a3
s /v3

CMS, however, should include already a good portion of the  and 
 term

as/v
a2

s /v2

Tension with CMS/ATLAS results remains
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Conclusions and final remarks
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• It is not necessary to fully solve the bound state problem in order to compute spin correlations effects in 
 production and decay as long as the experimental resolution in the  is large 

• Event simulations must deliver reliable predictions near kinematic thresholds. While feasible in practice, 
ensuring that cross sections integrated over relatively broad threshold bins match perturbative results is 
nontrivial 

• Comparison with data for the pseudoscalar excess needs to be understood. Unfolded cross sections from 
CMS and ATLAS are crucial to really understand if the excess is compatible with the Standard Model 

• Other possible explanation of the discrepancy, such as limitations in current MC generators, need more 
studies. In particular, studies with the decay process treated at NNLO accuracy are badly needed

tt̄ Mtt̄


